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Abstract
We study the Einstein condition for a natural family of Riemannian metrics on the twistor space of partially
complex structures of a fixed rank on the tangent spaces of a Riemannian manifold compatible with its metric.
A generalization of the Einstein condition (discussed in the Besse book [Enstein Manifolds, Ergeb. Math. Grensgeb.
(3), vol. 10, Springer, New York, 1987]) is also considered.
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1. Introduction
The idea of associating to a conformal manifold of dimension 4 or 3 an (almost) complex or, respec-
tively, a CR-manifold (called its twistor spaces) which “encodes” the initial geometry in holomorphic
terms is due to Penrose [29–31].
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Atiyah, Hitchin and Singer [6] in dimension 4 and was further generalized to any even-dimensional
Riemannian manifold by Bérard-Bergery and Ochiai [7] and Skornyakov [35] (see also O’Brian and
Rawnsley [26]). This construction was also extended to the class of quaternionic manifolds by Salamon
[33], Bérard-Bergery (unpublished, see [8, Section 14 G], [7]) and LeBrun [23]. An important application
of the twistor ideas to the harmonic maps theory was given by Eells and Salamon [13].
It was LeBrun [21] (see also [22]) who applied the Penrose ideas to 3-dimensional Riemannian man-
ifolds and studied the local embeddability of the arising 5-dimensional twistor CR-manifolds as real
hypersurfaces in C3. A similar construction of twistor CR-manifolds for Riemannian manifolds of any
dimension was given by Rawnsley [32] in the context of the harmonic maps theory. In fact, following
[32], one can associate to any Riemannian manifold M the twistor space Fk whose points are the partially
complex structures (f -structures) of rank 2k on the tangent spaces of M compatible with the metric.
In a series of papers, Alekseevsky and Graev [1–3] studied twistor spaces associated to a wide class
of G-structures or, more generally, a Cartan connection and found a criterion for the integrability of the
natural almost-complex or CR-structure on such a twistor space.
Any twistor space admits a natural 1-parameter family of Riemannian metrics ht , t > 0, which have
been studied from the differential-geometric point of view by several authors. The main purpose of the
present paper is to study the Einstein condition for the metrics ht on the twistor space Fk of compatible
partially complex structures on a Riemannian manifold M of dimension n. It turns out (Theorem 1)
that the metric ht is Einstein if and only if n = 2k, the base manifold M is of constant curvature and
ts = (k − 1)(2k − 1) or ts = k(2k − 1) where s is the scalar curvature of M . Note that for n = 2k the
twistor spaceFk coincides with the spaceZ of complex structures on the tangent spaces of M compatible
with its metric. If the base manifold M is oriented, we can consider the twistor spaces Z± of complex
structures compatible with the metric and ± the orientation of M ; these are the connected component
of Z . By a result of Friedrich and Grunewald [14], if dimM = 4, the metric ht on Z+ (respectively Z−)
is Einstein if and only if M is a anti-self-dual (respectively self-dual), Einstein manifold and ts = 3 or
ts = 6 (for other proofs see, for example, [10,20,37]; an alternative proof is implicitly contained also in
the proof of Theorem 1). In the case dimM  6, the metric ht on Z± is Einstein if and only if M is of
constant curvature and ts = (k − 1)(2k − 1) or ts = k(2k − 1) (Proposition 3). Although the metric ht
on Fk is not Einstein if n = 2k, its Ricci tensor has, in certain cases, an interesting property, namely it
satisfies the condition (∗)(DEc)(E,E) = 0 for any tangent vector E (Proposition 4); here D stands for
the Levi-Civita connection and c for the Ricci tensor. This property (known as the Ledger condition L3)
is discussed in the Besse book [8] as a generalization of the Einstein condition. At the time of appearance
of the Besse book the only known example of manifolds with the property (∗) other than Einstein or
locally isometric to Riemannian products were compact quotients of naturally reductive homogeneous
Riemannian manifolds and nilmanifolds covered by the generalized Heisenberg groups of Kaplan. Thus,
it arises the problem to find examples of Riemannian manifolds with the property (∗) which are neither
locally homogeneous nor locally isometric to Riemannian products and have non-parallel Ricci tensor
[8, 16.56 (i)]. As it has been observed in [11] in connection with this problem, the twistor space of an
anti-self-dual (or self-dual), Einstein manifold has the property (∗). If the base 4-manifold is not (locally)
homogeneous, then so is its twistor space and we obtain non-homogeneous examples of manifolds with
the property (∗) which are not locally isometric to Riemannian products and whose Ricci tensor is not
parallel. Other locally non-homogeneous examples have been given in [19,28]. Non-homogeneous but
locally homogeneous examples can be obtained by means of Proposition 7. The fact that the twistor
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homogeneous if and only if the base manifold is so seems to be a “folklore” but I have not been able to
find a proof in the literature. A proof of this fact is presented at the end of the paper as a consequence of
a brief discussion of the problem when a (local) isometry of ht descends to a (local) isometry of the base
manifolds (Lemmas 9 and 10).
2. Compatible partially complex structures on Euclidean spaces
Let V be a real n-dimensional vector space, n 3, with a metric g. A partially complex structure on
V of rank 2k is an endomorphism F of V of rank 2k, 0 < 2k  n, satisfying
(1)F 3 + F = 0
(cf. [34]; many authors use the name “f -structure” for such an endomorphism).
We shall say that a partially complex structure F is compatible with the metric g if the endomorphism
F is skew-symmetric with respect to g.
Given a compatible partially complex structure F we have the orthogonal decomposition V = ImF ⊕
KerF and F is a complex structure on the vector space ImF compatible with the restriction of g.
Denote by Fk(V,g) the set of all compatible partially complex structures of rank 2k on (V ,g). If
2k = n, this set coincides with the set of complex structures on V compatible with the metric g.
The group O(V ) of orthogonal transformations of V acts transitively on Fk(V,g) by conjugation
and Fk(V,g) can be identified with the homogeneous space O(n)/(U(k) × O(n − 2k)). In particular,
dimFk(V,g) = 2nk − 3k2 − k. Fix an orientation on V . For any F ∈ Fk(V,g), consider the space ImF
with the orientation induced by the complex structure F on it. In the case when 2k < n we orient KerF
in such a way that the induced orientation of ImF ⊕KerF = V coincides with the orientation of V . Thus
Fk(V,g) has the homogeneous representation SO(n)/(U(k)× SO(n− 2k)) when 2k < n. If 2k = n, the
space Fk(V,g) has two connected components consisting of the complex structures on V compatible with
the metric and ± the orientation of V ; each of these components has the homogeneous representation
SO(n)/U(k). By the results of [4], the homogeneous manifold SO(n)/(U(k) × SO(n − 2k)) admits
a unique (up to diffeomorphism) invariant complex structure and, as a consequence, a unique (up to
homotety) invariant Kähler–Einstein structure (we also refer to [8, Chapter 8] for general facts about the
compact homogeneous Kähler manifolds).
We shall need some explicit formulas for the invariant Kähler–Einstein structure on Fk(V,g). Let
F ∈ Fk(V,g). Let us take an orthonormal basis e1, . . . , en of V such that Fe2j−1 = e2j , Fe2j = −e2j−1,
1 j  k and Fel = 0 for l = 2k + 1, . . . , n. Define endomorphisms Sab, 1 a, b  n, of V by setting
Sabet = δateb − δtbea , t = 1, . . . , n. Then F =∑ka=1 S2a−1,2a . Further we shall consider the Lie algebras
of the classical linear Lie groups with their standard Cartan subalgebras, root systems and positive roots
(as described in [8, Chapter 8 H]). Thus the Cartan subalgebra of the complexified Lie algebra so(n)C =
so(n,C) is {∑mc=1 λcS2c−1,2c: λ1, . . . , λm ∈ C} for n = 2m or n = 2m + 1. Denote by R+ and S+ the
systems of positive roots of the algebra so(n)C and its subalgebra (u(k) × so(n − 2k))C, respectively,
and set D+n = R+ \ S+. Then, denoting by λb the function
∑m
c=1 λcS2c−1,2c → λb, b = 1, . . . ,m, we
have D+2m = {i(λp + λq), 1  p < q  k; i(λr ± λs), 1  r  k, k + 1  s  m}, i =
√−1, and
D+2m+1 = D+2m ∪ {iλr,1 r  k}.
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G(S,T ) = 12 Trace tST be the standard metric on the space End(V ) induced by the metric g on V ; here
tS is the adjoint operator of S with respect to g. The space mF = Im adF is the orthogonal complement
of Ker adF with respect to G in the space so(V ) ∼= so(n) of skew-symmetric endomorphisms of V .
Therefore the tangent space of Fk(V,g) at F can be identified with mF . Denote by gα the root subspace
of the complex Lie algebra so(n,C) corresponding to the root α. Then the complexification mCF can be
decomposed as mCF =
⊕{gα: α ∈ D+n ∪ (−D+n )}. The spaces gα and g−α are complex-conjugate to each
other and we can define a complex structure on mF by declaring that the space of its (1,0)-vectors is
the direct sum m1,0F =
⊕{gα: α ∈ D+n }. In this way we get an invariant almost-complex structure J on
Fk(V,g). The endomorphism adF of mCF has eigenvalues ±i,±2i and the space of (1,0)-vectors of J
coincides with sum of the eigenspaces corresponding to i and 2i. Thus the almost-complex structure J
coincides with the one defined in [32]. It is easy to check that [m1,0F ,m1,0F ] ⊂ m1,0F , which implies the
integrability of J .
We shall need another description of the complex structure J on Fk(V,g): Consider the set Fk(V,g)
as a submanifold of the vector space so(V ). Then its tangent space at a point F consists of all endomor-
phisms Q ∈ so(V ) such that
(2)QF 2 + FQF + F 2Q+Q = 0.
It is easy to check that this space coincides with mF and for any tangent vector Q at F
(3)JQ = FQ−QF + FQF 2.
Note that, for any S ∈ so(V ), the orthogonal projection of S on mF is
(4)SmF = −F 2S − SF 2 +
1
2
FSF − 3
2
F 2SF 2.
Denote by ρ the invariant Ricci form on Fk(V,g) determined by the complex structure J (see, e.g.,
[8, 8.43]). To compute ρ we need a G-orthonormal bases of the tangent space mF of Fk(V,g) which is
adapted in the sense of [8, Definition 8.46]. Set
Apq = 1√
2
(S2p−1,2q−1 − S2p,2q), Brs = 1√
2
(S2r−1,2s + S2r,2s−1),
(5)Crs = 1√
2
(S2r−1,2s−1 + S2r,2s),
where p = 1, . . . , k − 1, q = p + 1, . . . , k, r = 1, . . . , k, s = k + 1, . . . ,m and, as before, m = n2 − 14 [1 +
(−1)n+1]. By (3), we have
JApq = 1√
2
(S2p−1,2q + S2p,2q−1), JBrs = 1√
2
(S2r,2s−1 − S2r−1,2s),
JCrs = 1√
2
(S2r,2s − S2r−1,2s−1).
Moreover, if n = 2m, then B = {Apq,JApq;Brs,JBrs;Crs,JCrs} is an adapted basis for mF =
TFFk(V,g), i.e., B is a G-orthonormal basis of mF such that {Apq + iJApq}, {Brs + iJBrs} and
{Crs + iJCrs} lie in the root subspaces corresponding, respectively, to the roots i(λp + λq), i(λr + λs),
i(λr − λs) which constitute the set D+n . In the case n = 2m + 1, the set B ∪ {S2r−1,n,J S2r−1,n =
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where U,V ∈ so(V ) and the brackets mean “commutator”. Write the adapted basis of mF we have
chosen as {Xj,JXj }. Then, by [8, (8.47)], we have ρ(P,Q) = ∑j G([Xj,JXj ], [U,V ]) and we
obtain easily that ρ(P,Q) = (n − k − 1)G(F, [U,V ]). It is also easy to see that G(F, [U,V ]) =
G(JP,Q)− 12G(F(JP)F,Q). Set
(6)h(P,Q) = 2G(P,Q)−G(FPF,Q), P,Q ∈ TFFk(V,g).
Then the consideration above show the following
Proposition 1. The invariant metric h on Fk(V,g) is Kähler–Einstein with scalar curvature 12(n −
k − 1)(2nk − 3k2 − k).
Remark. The metric h is a multiple of the pull-back of the standard metric on the complex Grassmannian
Grk(V C) under the anti-holomorphic embedding F → V +F = {F 2x + iFx: x ∈ V } of Fk(V,g) into
Grk(V C) considered in [32]. For n = 2k, the metric h coincides with the metric G, the standard metric
on the space of complex structures on V .
Denote by D the Levi-Civita connection of h. Let X,Y,Z be vector fields on Fk(V,g) (considered as
so(V )-valued functions on so(V )). It is not hard to compute that
(DXY )F =
[
Y ′(F )(XF )+ 12(XF ◦ F ◦ YF + YF ◦ F ◦XF)
(7)+ 1
2
F ◦ (XF ◦ F ◦ YF + YF ◦ F ◦XF) ◦ F
]
mF
,
where Y ′(F ) ∈ Hom(so(V ), so(V )) is the derivative of the function Y : so(V ) → so(V ) at the point F
and the subscript mF means “the mF -component” (given by (4)).
3. The twistor space (Fk,ht) and its curvature
Let (M,g) be a Riemannian manifold of dimension n 3. Denote by π :Fk → M the bundle over M
whose fibre at a point p ∈ M consists of all compatible partially complex structures of rank 2k on the
Euclidean space (TpM,gp). This is the associated bundle
O(M)×O(n) Fk(Rn),
where O(M) denotes the principal bundle of orthonormal frames on M . If 2k = n, then Fk is the twistor
space of complex structures on the tangent spaces of M compatible with the metric g and will be often
denoted by Z .
The manifold Fk admits a natural 1-parameter family of Riemannian metrics ht , t > 0, yielded by the
metrics of Fk(Rn) and M (this family is sometimes called “the canonical variation of the metric on M”).
The metrics ht are defined as follows: The Levi-Civita connection on M gives rise to a splitting V ⊕H
of the tangent bundle of any bundle associated to O(M) into vertical and horizontal parts. The vertical
space Vf of Fk at a point f ∈ Fk is the tangent space at f of the fibre through this point and ht |Vf is
t times the metric h of the fibre through f . The horizontal space Hf is isomorphic via the differential
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the vertical space Vf and the horizontal space Hf are declared to be orthogonal. Then the projection
π : (Fk, ht ) → (M,g) is a Riemannian submersion with totally geodesic fibres (by the Vilms theorem
[36]).
Remarks. 1. An intensive study of the metrics ht for a Riemannian submersion has been initiated by
Bérard-Bergery in the late 1970’s (unpublished, see, e.g., [8, Sections 9.73, 14.84]). Some of them have
been considered by Salamon (in the context of the twistor theory) in his 1980 thesis (see, e.g., [33]). They
have been also studied by several other authors.
2. The manifold Fk admits two partially complex structures Φ1 and Φ2 compatible with each metric ht
[32]: On a vertical space Vf , Φ1 is defined to be the complex structure Jf of the fibre through f , while Φ2
is defined as the conjugate complex structure, i.e., Φ2|Vf = −Jf . On a horizontal space Hf , Φ1 and Φ2
are both defined to be the lift to Hf of the endomorphism f of TpM . The partially complex structures
Φ1 and Φ2 on Fk are analogs, respectively, to the Atiyah–Hitchin–Singer [6] and Eells–Salamon [13]
almost-complex structures on the twistor space of compatible complex structures.
To compute the curvature of the metric ht , we shall make use of the O’Neill formulas for the Rie-
mannian submersion π : (Fk, ht ) → (M,g). Following [27], denote by T and A the tensor fields on Fk
defined by
T (E,F ) =HDVEVF + VDVEHF, A(E,F ) = VDHEHF +HDHEVF,
where D (= Dt) is the Levi-Civita connection of (Fk, ht ) andH, V denote the horizontal and the vertical
components, respectively. Since the fibres of the Riemannian submersion (Fk, ht ) → (M,g) are totally
geodesic submanifolds of (Fk, ht ), we have T = 0.
Consider Fk as a submanifold of the bundle π :A(TM) → M of skew-symmetric endomorphisms of
TM . Then the inclusion of Fk is fibre-preserving and the horizontal subspace of TfFk, f ∈Fk , coincides
with the horizontal subspace of TfA(TM) since the inclusion Fk(Rn) ⊂ so(n) is O(n)-equivariant. Let
(U,x1, . . . , xn) be a local coordinate system of M and E1, . . . ,En an orthonormal frame of TM on U .
Define sections Sij , 1 i, j  n, of A(TM) by the formula
SijEl = δilEj − δljEi.
Then Sij , i < j , form an orthonormal frame of A(TM) with respect to the metric G(a,b) = − 12 Trace(a ◦
b); a, b ∈ A(TM). Set
x˜i(a) = xi ◦ π(a), yjl(a) = G(a,Sjl), j < l,
for a ∈ A(TM). Then (x˜i, yjl) is a local coordinate system of the manifold A(TM). For each vector field
X =
n∑
i=1
Xi
∂
∂xi
on U , the horizontal lift Xh on π−1(U) is given by
(8)Xh =
n∑
i=1
(Xi ◦ π) ∂
∂x˜i
−
∑
j<l
∑
p<q
ypqG(∇XSpq, Sjl) ◦ π ∂
∂yjl
,
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Let a ∈ A(TM) and p = π(a). Then (8) implies that, under the standard identification TaA(TM) ∼=
A(TpM) (= the skew-symmetric endomorphisms of TpM), we have
(9)[Xh,Y h]a = [X,Y ]ha +R(X,Y )a,
where R(X,Y )a is the curvature of the connection ∇ on A(TM) (for the curvature tensor we adopt the
following definition: R(X,Y ) = ∇[X,Y ] − [∇X,∇Y ]).
For any (local) section a of A(TM), following [16], denote by a˜ the vertical vector field on Fk defined
by a˜f = the projection of a(p),p = π(f ), on the vertical space Vf of Fk considered as a subspace of
A(TpM), i.e.,
(10)a˜f = −f 2 ◦ a(p)− a(p) ◦ f 2 + 12f ◦ a(p) ◦ f −
3
2
f 2 ◦ a(p) ◦ f 2.
Let us note that for any f ∈ Fk we can find sections a1, . . . , am, m = 2nk − 3k2 − k, of A(TM) near
the point p = π(f ) such that a˜1, . . . , a˜m form a basis for the vertical vector space at each point in a
neighbourhood of f .
The next formula was given in [16] for the twistor space of compatible complex structures:
Lemma 1. For any f ∈Fk and a vector field X near the point p = π(f ), we have:
[Xh, a˜]f = (∇˜Xa)f .
Proof. Choose an orthonormal frame of vector fields E1, . . . ,En on M near the point p such that
∇Ei |p = 0, i = 1, . . . , n. Let a(Ei) =∑nj=1 aijEj . Then, in the local coordinates of A(TM) introduced
above,
a˜ =
∑
i<r
a˜ir
∂
∂yir
,
where
a˜ir =
n∑
j,l=1
[
(−aij ◦ π)yjlylr − yijyjl(alr ◦ π)+ 12yij (ajl ◦ π)ylr −
3
2
n∑
p,q=1
yijyjl(alp ◦ π)ypqyqr
]
.
Note that in view of (8)[
Xh,
∂
∂yir
]
f
= 0, Xhf =
n∑
j=1
Xj(p)
∂
∂x˜j
(f ), (∇Xpa)(Ei) =
n∑
j=1
Xp(aij )Ej
since ∇Sir |p = 0 and ∇Ei |p = 0. Now Lemma 2 follows by simple calculations. 
Further we shall often make use of the standard isometric identification A(TM) ∼= Λ2TM that assigns
to each a ∈ A(TpM) the 2-vector a∧ for which g(aX,Y ) = g(a∧,X ∧ Y ), X,Y ∈ TpM (the metric on
Λ2TM is given by g(X1 ∧ X2,X3 ∧ X4) = g(X1,X3)g(X2,X4) − g(X1,X4)g(X2,X3)). It is easy to
check that, for a, b ∈ A(TpM) and X,Y ∈ TpM , we have
(11)G(R(X,Y )a, b)= g(R([a, b]∧)X,Y ),
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of TpM . For any vertical vector V at a point f ∈Fk , considered as an endomorphism in A(Tπ(f )M), the
element (J V )∧ of Λ2Tπ(f )M will be denoted by JV ∧. Then by (6), (11) and (3) we have
(12)ht
(
R(X,Y )f,V
)= tg(R([f,2V − f ◦ V ◦ f ]∧)X,Y )= 2tg(R(Jf V ∧)X,Y ).
Denote by ∇ the Levi-Civita connection of (M,g). Let X,Y be vector fields on M and V a vertical
vector field on Fk . Then it is easy to see that at any point f ∈Fk
(13)(DXhY h)f = (∇XY )hf +
1
2
R(X,Y )f,
(14)(DVXh)f =H(DXhV )f = −t
(
R(J V ∧f )X
)h
f
,
where Xh stands for the horizontal lift on Fk of the vector field X on M .
Indeed, the first equality follows from the standard formula for the Levi-Civita connection in terms of
inner products and Lie brackets, and (9). As to the second equality, let us note that DVXh is perpendicular
to any vertical vector field W since DVW is a vertical vector field. So DVXh is a horizontal vector field.
On the other hand [V,Xh] is a vertical vector field, hence DVXh = HDXhV . Then ht(DVXh,Y h) =
ht(DXhV,Y
h) = −ht(V ,DXhY h) and (14) follows from (13), and (12).
Let R :Λ2TM → Λ2TM be the curvature operator of (M,g) (it is defined by g(R(X1 ∧ X2),X3 ∧
X4) = g(R(X1,X2)X3,X4)).
Lemma 2. Let f ∈Fk , V ∈ Vf and let X,Y,Z be vector fields on M near the point p = π(f ). Then
ht
(
(DZhA)(X
h,Y h)f ,V
)= tg((∇ZpR)(X ∧ Y ),JV ∧).
Proof. Let E1, . . . ,En be an orthonormal frame of vector fields near the point p such that ∇El|p = 0, l =
1, . . . , n, fE2i−1(p) = E2i (p), fE2i (p) = −E2i−1(p), i = 1, . . . , k, and fEj(p) = 0, j = 2k+1, . . . , n.
Define a section s ofFk by sE2i−1 = E2i , sE2i = −E2i−1, i = 1, . . . , k, sEj = 0, j = 2k+1, . . . , n. Then,
considering s as a section of A(TM), we have s(p) = f and ∇s|p = 0. Take a section a of A(TM) in
a neighbourhood of p for which a(p) = V , ∇a|p = 0 and define a vertical vector field a˜ of Fk by (10).
Then by (13), (14), Lemma 1 and (12) we have
ht
(
DZhf
A(Xh,Y h),V
)= Zp(ht(DXhY h, a˜) ◦ s)− ht(DXhf Y h, [Zh, a˜]f )
= 1
2
Zp
(
ht
(
R(X,Y )s, a˜ ◦ s))= tZp(g(R(X ∧ Y ),J (a˜ ◦ s)∧))
= tg(∇ZpR(X ∧ Y ),JV ∧)
since
∇ZpJ (a˜ ◦ s)∧ =
(∇Zp((J a˜) ◦ s))∧ = 0.
On the other hand, using (13) and (12), we have
ht
(
A(DZhX
h,Y h)f +A(Xh,DZhY h)f ,V
)= tg(R(∇ZX ∧ Y +X ∧ ∇ZY )p,JV ∧). 
Lemma 3. If V,W ∈ Vf and X,Y ∈ TpM , p = π(f ), then
ht
(
A(Xh,V ),A(Y h,W)
)= t2g(R(J V ∧)X,R(JW∧)Y ).
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near f ) we have by (14):
ht
(
A(Xh,V ),A(Y h,W)
)= ht(HDXhV,HDYhW) = n∑
i=1
ht(DXhV, e
h
i )ht (DYhW, e
h
i )
= t2
n∑
i=1
g
(
R(J V ∧)X, ei
)
g
(
R(JW∧)Y, ei
)
= t2g(R(J V ∧)X,R(JW∧)Y ). 
Lemma 4. If V,W ∈ Vf and X,Y ∈ TpM , p = π(f ), then:
(i)
ht
(
(DVA)(X
h,Y h),W
)
= t
2
g
(R(X ∧ Y ), [V,2W − f ◦W ◦ f ]∧ + [f,f ◦ V ◦W +W ◦ V ◦ f ]∧)
− t2(g(R(J V ∧)X,R(JW∧)Y )− g(R(JW∧)X,R(J V ∧)Y ));
(ii)
ht
(
(DWA)(X
h,Y h),V
)= −ht((DVA)(Xh,Y h),W ).
Proof. (i) Using (13), (7), (6) and (11) we easily obtain
ht
(
DVA(X
h,Y h),W
)= t
2
g
(R(X ∧ Y ), [V,2W − f ◦W ◦ f ]∧ + [f,f ◦ V ◦W +W ◦ V ◦ f ]∧).
Moreover, in view of (14), (13) and (12), we have
ht
(
A(DVX
h,Y h),W
)= − t
2
ht
(
R
(
R(JV ∧)X,Y )f,W )= t2g(R(JW∧)Y,R(J V ∧)X)
and
ht
(
A(Xh,DV Y
h),W
)= −ht(DV Y h,DXhW) = −t2g(R(J V ∧)Y,R(JW∧)X).
(ii) This follows form (i) and the identity
G
(
S, [W,f ◦ V ◦ f ] − [f,f ◦W ◦ V + V ◦W ◦ f ])
= −G(S, [V,f ◦W ◦ f ] − [f,f ◦ V ◦W +W ◦ V ◦ f ])
for every S ∈ A(TpM); the latter identity can be seen, for example, by means of the identity
[W,f ◦ V ◦ f ] = −[W,V ] − [W,f 2 ◦ V + V ◦ f 2]
= −[W,V ] + (W + f ◦W ◦ f + f 2 ◦W) ◦ V −W ◦ V ◦ f 2 + f 2 ◦ V ◦W
− V ◦ (W + f ◦W ◦ f +W ◦ f 2). 
Further the image of the tangent space mf = Tf Fk(TpM,gp) ⊂ A(TpM), p = π(f ), under the stan-
dard identification A(TpM) ∼= Λ2TpM will be also denoted by mf .
Now Lemmas 2–4 and the O’Neill formulas [27] imply the following
168 J. Davidov / Differential Geometry and its Applications 22 (2005) 159–179Proposition 2. Let (M,g) be a Riemannian manifold of dimension n 3 and (Fk, ht ) its twistor space,
0 < 2k  n. Then the curvature tensor Rt , the Ricci tensor ct and the scalar curvature of (Fk, ht ) are
given as follows: For any E,F ∈ TfFk , setting X = π∗E, Y = π∗F , V = VE, W = VF , we have:
(i)
ht
(
Rt(E,F )E,F
)
= g(R(X,Y )X,Y )+ 2tg((∇XR)(X ∧ Y ),JW∧)− 2tg((∇YR)(X ∧ Y ),JV ∧)
+ 3tg(R(X ∧ Y ), [V,2W − f ◦W ◦ f ]∧ + [f,f ◦ V ◦W +W ◦ V ◦ f ]∧)
− 4t2g(R(J V ∧)X,R(JW∧)Y )+ t2∥∥R(JW∧)X +R(J V ∧)Y∥∥2
g
− 3t
4
∥∥R(X,Y )f ∥∥2
h
+ th(R̂(V ,W)V,W ),
where R is the curvature tensor of (M,g) and R̂ is the curvature tensor of the metric h on the fibre
through f .
(ii)
ct (E,E) = cM(X,X)− 2t Trace
(
Z → (∇ZR)(J V ∧,X)
)+ 2t2∥∥R(JV ∧)∥∥2
g
− 2t‖ıX ◦R|mf ‖2h,g +
1
2
(n− k − 1)‖V ‖2h,
where cM is the Ricci tensor of (M,g), ıX :Λ2TM → TM is the interior product and ‖ · ‖h,g is the
norm of the metric on the space of linear maps mf → Tπ(f )M induced by the metrics h on mf and
g on Tπ(f )M .
(iii)
st (f ) = sM(p)− 2t‖R|mf ‖2h,g +
1
2t
(n− k − 1)(2nk − 3k2 − k), p = π(f ),
where sM is the scalar curvature of (M,g) and ‖ · ‖h,g is the norm of the metric on the space of
linear maps mf → Λ2Tπ(f )M induced by the metric h on mf and the metric g on Λ2π(f )TM .
Remarks. 1. In the case when n = 2k we have [f,f ◦ V ◦ W + W ◦ V ◦ f ] = 0 and [V,f ◦ W ◦ f ] =
[V,W ] in the formula (i) above. Moreover, the metric h on the fibers of the twistor space coincides with
metric G (= − 12 TraceV ◦W ).
2. If dimM = 4 and k = 2, Proposition 2 gives the same formulas as in [10] under the identification
A(TM) ∼= Λ2TM (note that the metric of the fibre used in [10] is one half of the metric used here, so the
metric h2t in [10] corresponds to the metric ht in the present paper).
Corollary 1. If (M,g) is of constant curvature χ , then the Ricci tensor ct of (Fk, ht ) is given by
ct (E,E) = χ(n− 1 − 2ktχ)‖X‖2g − tχ2(n− 2k − 2)‖fX‖2g +
1
2
(n− k − 1 + 2t2χ2)‖V ‖2h
+ t2χ2h(f ◦ V ◦ f,V ),
where E ∈ TfFk , X = π∗E and V = VE.
J. Davidov / Differential Geometry and its Applications 22 (2005) 159–179 1694. Einstein condition for the metric ht on the twistor space Fk
Theorem 1. Let (M,g) be a Riemannian manifold of dimension n with scalar curvature s. The metric
ht on the twistor space Fk is Einstein if and only if n = 2k, the manifold (M,g) has constant non-zero
curvature and t = (k − 1)(2k − 1)/s or t = k(2k − 1)/s.
Proof. Denote by st the scalar curvature of the metric ht on Fk . Set d = 2nk − 3k2 − k + n (= dimFk).
Let f ∈ Fk and p = π(f ). Let {Uα} be an arbitrary h-orthonormal basis of the vertical space Vf . Ac-
cording to Proposition 3, the Einstein equation for ht is fulfilled at the point f if and only if, for any
X ∈ TpM and any V ∈ Vf , the following two equations are satisfied
(15)cM(X,X)− 2t
∑
α
∥∥R(Uα)X∥∥2 = st
d
‖X‖2,
(16)2t2∥∥R(V )∥∥2
g
+ 1
2
(n− k − 1)‖V ‖2h =
st
d
t‖V ‖2h. 
Remark. We freely identify the space of skew-symmetric endomorphisms with the space of 2-vectors.
Assume that the metric ht is Einstein.
To prove Theorem 1 we need some technical lemmas.
Let p ∈ M and let e1, e2, . . . , en be an orthonormal basis of TpM . Set eij = ei ∧ ej . Assume that n 4.
Lemma 5. For any X ∈ TpM we have
(17)cM(X,X)− t
k∑
p=1
n∑
j=2p+1
(∥∥R(e2p−1,j )X∥∥2 + ∥∥R(e2p,j )X∥∥2)= st
d
‖X‖2.
Proof. Consider the partially complex structure f = e12 + · · ·+ e2k−1,2k of rank 2k on TpM and let {Uα}
be the adapted basis of Vf = Tf Fk(TpM,gp) defined by means of the basis e1, . . . , en as in Section 2.
Writing (15) for this basis of Vf we get an identity which involves the basis e = (e1, . . . , en) (and which
does not depend on the particular choice of a partially complex structure on TpM). We denote by (15)e
the identity we obtain in this way. If k = 1 the lemma directly follows from (15)e, so we may suppose
that k  2. Set e′ = (−e1, e2, . . . , en). Then the identity (15)e − (15)e′ reads as
g
(
R(e13)X,R(e24)X
)− g(R(e14)X,R(e23)X)+ · · · + g(R(e1,2k−1)X,R(e2,2k)X)
(18)− g(R(e1,2k)X,R(e2,2k−1)X)= 0.
Now, we can apply (18) for the bases e = (e1, . . . , e4, . . . , en) and e′′ = (e1, . . . ,−e4, . . . , en). Then the
identity (18)e − (18)e′′ gives
(19)g(R(e13)X,R(e24)X)− g(R(e14)X,R(e23)X)= 0.
It follows that g(R(e2p−1,2q−1)X, R(e2p,2q)X) = g(R(e2p−1,2q)X,R(e2p,2q−1)X) for p = 1,2, . . . , k−1,
q = p + 1,p + 2, . . . , k. The latter identity and (15)e imply the lemma. 
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(20)g(R(eij )X,R(elm)X)= 0 for any X ∈ TpM, provided k  2.
Proof. Given an orthonormal basis e = (e1, . . . , en) of TpM and a tangent vector X ∈ TpM , it is conve-
nient to set
Σ1234 =
∥∥R(e13)X∥∥2 + ∥∥R(e14)X∥∥2 + ∥∥R(e23)X∥∥2 + ∥∥R(e24)X∥∥2
and
Σe =
4∑
i=1
n∑
j=5
∥∥R(eij )X∥∥2 + k∑
p=3
n∑
j=2p+1
(∥∥R(e2p−1,j )X∥∥2 + ∥∥R(e2p,j )X∥∥2).
Thus identity (17) reads as
(21)cM(X,X)− tΣ1234 − tΣe = st
d
‖X‖2.
Now take the bases e′ = (e1, e3, e4, e2, e5, . . . , en) and e′′ = (e1, e4, e2, e3, e5, . . . , en) and denote by (21)e′
and (21)e′′ the identities corresponding to (21) applied for these bases. We have Σe′ = Σe′′ = Σe,
hence the identity (21)e′ + (21)e′′ − 2(21)e says that 2Σ1234 − Σ1342 − Σ1423 = 0. This gives Σ1234 =
2‖R(e12)X‖2 + 2‖R(e34)X‖2. Putting the latter expression for Σ1234 into (21), then subtracting from
(21) identity (21)e′ , respectively (21)e′′ , we get∥∥R(e12)X∥∥2 + ∥∥R(e34)X∥∥2 = ∥∥R(e14)X∥∥2 + ∥∥R(e23)X∥∥2
and (respectively)∥∥R(e12)X∥∥2 + ∥∥R(e34)X∥∥2 = ∥∥R(e13)X∥∥2 + ∥∥R(e24)X∥∥2.
Therefore
(22)∥∥R(e13)X∥∥2 + ∥∥R(e24)X∥∥2 = ∥∥R(e14)X∥∥2 + ∥∥R(e23)X∥∥2.
On the other hand, in view of (19), Eq. (17) can be written as
(23)cM(X,X)− t
(∥∥R(e13 − e24)X∥∥2 + ∥∥R(e14 + e23)X∥∥2)− tΣe = st
d
‖X‖2.
Further we proceed in the same way as above: We take again the bases e′ and e′′ and apply (23) for them.
Now the identity (23)e′ + (23)e′′ − 2(23)e gives
(24)∥∥R(e13 − e24)X∥∥2 + ∥∥R(e14 + e23)X∥∥2 = 2∥∥R(e12 + e34)X∥∥2.
Putting the latter expression into (23), then subtracting from (23) identity (23)e′ , respectively (23)e′′ , we
see that
(25)∥∥R(e13 − e24)X∥∥= ∥∥R(e14 + e23)X∥∥.
Now identities (19), (22) and (25) imply
g
(
R(e13)X,R(e24)X
)= 0.
This proves identity (20). 
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(26)∥∥R(eij )X∥∥= ∥∥R(elm)X∥∥
provided n 2k + 1, n = 2k + 2.
Proof. Suppose n  2k + 1. In this case we can write (17) for the basis e′ = (e1, e2k+1, e3, . . . , e2k, e2,
e2k+2, . . . , en). Subtracting (17)e′ from (17)e, we get
(27)∥∥R(e1,2k+1)X∥∥2 + n∑
i=2k+2
∥∥R(e2,i)X∥∥2 = ∥∥R(e12)X∥∥2 + n∑
i=2k+2
∥∥R(e2k+1,i)X∥∥2
(the sums on i disappear when n = 2k+ 1). If n 2k+ 2, we apply (22) for the basis e1, ei, e2k+1, e2, e4,
. . . , e2k, e3, e2k+2, . . . , ei−1, ei+1, . . . , en where i = 2k + 2, . . . , n (recall that indentity (22) holds for
any k). This gives
(28)∥∥R(e1,2k+1)X∥∥2 + ∥∥R(e2,i)X∥∥2 = ∥∥R(e12)X∥∥2 + ∥∥R(e2k+1,i )X∥∥2.
Summing up these identities and taking into account (27), we see that
(29)∥∥R(e1,2k+1)X∥∥= ∥∥R(e1,2)X∥∥
provided n = 2k + 2. If n = 2k + 1 identity (29) also holds—it coincides with (27) in this case.
Using (27) and (28) for the basis e3, e1, e2k+1, e4, . . . , e2k, e2, e2k+2, . . . , en, we see in the same way
that
(30)∥∥R(e13)X∥∥= ∥∥R(e23)X∥∥
if n = 2k + 2.
Identities (29) and (30) imply that if n 2k + 1 and n = 2k + 2, we have∥∥R(eij )X∥∥= ∥∥R(eim)X∥∥, X ∈ TpM,
for any i, j,m = 1, . . . , n satisfying the inequalities i < j , i < m or i > j , i > m. Therefore∥∥R(e12)X∥∥= ∥∥R(e13)X∥∥= ∥∥R(e23)X∥∥= ∥∥R(e24)X∥∥= ∥∥R(e34)X∥∥.
This implies identity (26). 
Proof of the theorem for n  2k + 1, n = 2k + 2, n = 3. Suppose that the metric ht is Ein-
stein. Let p ∈ M and let e1, . . . , en be an orthonormal basis of TpM . Set e′1 = e1, e′2 = 1√2(e2 − e3),
e′3 = 1√2(e2 + e3), e′4 = e4, . . . , e′n = en. Writing Eq. (26) for the bi-vectors e′12 and e′13, we get
g(R(e12)X,R(e13)X) = 0. It follows that g(R(eij )X,R(eil)X) = 0 for every three different indexes i,
j , l. Now we set e′′ = 12(e1 + e2 + e3 + e4), e′′2 = 12(e1 − e2 + e3 − e4), e′′3 = 12(e1 + e2 − e3 − e4),
e′′4 = 12(e1 − e2 − e3 + e4), e′′5 = e5, . . . , e′′n = en. Then, the equality g(R(e′′12)X,R(e′′13)X) = 0 together
with the identities g(R(eij )X,R(eil)X) = 0 and (26) implies ‖R(e12)X‖2 + g(R(e12)X,R(e34)X) = 0.
Applying the latter equality for the basis e1, e2,−e3, e4, . . . , en, we see that R(e12)X = 0. It follows that
R = 0. Then st
d
= 0 by (15), therefore n = k + 1 by (16). Thus k + 1 2k + 1, a contradiction. 
172 J. Davidov / Differential Geometry and its Applications 22 (2005) 159–179Lemma 8. Suppose n = 2k or n = 2k + 2 and n 6. Put λ = 12t2 [ std t − 12(n− k − 1)]. Then∥∥R(v)∥∥2 = λ‖v‖2
for every v ∈ Λ2TM .
Proof. Identity (16) applied for the vector V1 = e13 − e24 and identity (20) imply∥∥R(e13)∥∥2 + ∥∥R(e24)∥∥2 = 2λ.
Similarly, we have also∥∥R(e13)∥∥2 + ∥∥R(e56)∥∥2 = 2λ, ∥∥R(e24)∥∥2 + ∥∥R(e56)∥∥2 = 2λ.
Therefore ‖R(e13)‖2 = λ. It follows that
(31)∥∥R(eij )∥∥2 = λ
for any i = j .
If n = 2k, V1 = e13 − e24 and V2 = e15 − e26 are vertical tangent vectors to Fk and (polarization of)
identity (16), in view of (20), gives
g
(R(e13),R(e15))+ g(R(e24),R(e26))= 0.
Writing this identity for the bases e1, e2, . . . , e6, . . . , en and −e1, e2, . . . ,−e6, . . . , en, and adding the
corresponding identities, we get
g
(R(e13),R(e15))= 0.
If n = 2k + 2, this identity follows from (16) applied for the vectors V1 = e13 − e24 and V2 = e1,2k+1
and (20).
It follows that if i, j,m are three different indexes, then
(32)g(R(eij ),R(eim))= 0.
Now identities (20), (31) and (32) imply the lemma. 
Proof of the theorem in the cases n = 2k, n = 2k+2 and n = 3. Suppose that the metric ht is Einstein.
If n = 2k, we may assume that n 6 since Theorem 1 is well-known for n = 4 ([14]; an alternative proof
is given below).
Put λ = 12t2 [ std t − 12(n− k − 1)]. According to Lemma 8 either R = 0 (and λ = 0) or the operator
T = (1/√λ)R is orthogonal, provided n 6. For n = 4, k = 1 or n = 3 (so k = 1) and λ replaced by 2λ,
this directly follows from (16). It is obvious that identities (15) and (16) are not satisfied if R= 0. Thus,
the operator T is orthogonal. Since this operator is also symmetric its square is equal to Id. Therefore
the eigenvalues of T are +1 or −1. Suppose that both +1 and −1 are eigenvalues of the operator T and
denote by a and b the dimensions of the corresponding eigenspaces. Denote by s the scalar curvature
of M . Then, for n 6
s
2
= TraceR= (a − b)√λ.
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s − 4t (d − n)λ = nst
d
,
therefore
λ = 2ts − n
2 + nk + n
4t2(2d − n) ,
where d = 2nk − 3k2 − k + n. It follows that ts satisfies the equation
(33)(2d − n)x2 − 2mx +m(n2 − nk − n) = 0,
where m = (a − b)2. This fact implies the inequality m (2d − n)(n2 − nk − n). On the other hand we
have |a − b| < dimΛ2TpM , so m (n(n−1)2 − 1)2. Therefore
(2d − n)(n2 − nk − n)
(
n(n− 1)
2
− 1
)2
.
But it is easy to see that this inequality is not satisfied if n = 2k or n = 2k + 2.
Thus either T = Id or T = − Id on the whole space Λ2TpM . Therefore the sectional curvature of
M at each point p is constant and the classical Schur theorem implies that M is of constant curvature
±√λ. Moreover ts satisfies Eq. (33) with m = [n(n − 1)/2]2. This is not possible if n = 2k + 2 since
m < (2d − n)(n2 − nk − n) in this case. For n = 4, k = 1 and n = 3 similar arguments lead also to a
contradiction. If n = 2k, we obtain from (33) that
ts = (k − 1)(2k − 1) or ts = k(2k − 1).
Conversely, let n = 2k and suppose that M is of constant curvature χ . Then, in the notations of Corol-
lary 1,
ct (E,E) =
(
χ(2k − 1)− (2k − 2)tχ2)‖X‖2g + 12(k − 1 + 4t2χ2)‖V ‖2h.
It follows that if ts = (k − 1)(2k − 1) or ts = k(2k − 1), the Ricci tensor ct (E,E) is proportional to
‖E‖2ht = ‖X‖2g + t‖V ‖2h. 
Let (M,g) be an oriented Riemannian manifold of dimension n = 2k. Denote byZ± the twistor spaces
of complex structures on the tangent spaces of M compatible with the metric and ± the orientation
of M . These are the connected components of the twistor space Z = Fk of all complex structures on
M compatible with its metric. It is obvious that changing the orientation of M interchanges the roles
of Z+ and Z−. Recall that in the particular case dimM = 4 the spaces Z± are sphere bundles over M :
In this case the Hodge star operator acts as an involution on Λ2TM and let us denote by Λ2±TM the
eigensubbundle corresponding to the eigenvalue ±1 of the Hodge operator. Then the twistor space Z±
is identified with the radius 2-sphere subbundle of Λ2±TM under the standard identification A(TM) ∼=
Λ2TM . Recall also that the curvature operator of a four-dimensional Riemannian manifold M can be
decomposed as
(34)R= s
12
Id+B+W+ +W−,
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Λ2±TM of the operator W corresponding to the Weyl conformal tensor. Note that B maps Λ2±TM into
Λ2∓TM , W±|Λ2∓TM = 0 and TraceB = 0, TraceW± = 0. It is clear that changing the orientation of M
interchanges the roles of Λ2+TM and Λ2−TM , W+ and W−.
A four-dimensional Riemannian manifold M is Einstein if and only if B = 0. It is called anti-self-dual,
respectively self-dual, ifW+ = 0, respectivelyW− = 0. The famous Atiyah–Hitchin–Singer theorem [6]
gives an interpretation of the anti-self-dual (respectively self-dual) condition as the integrability condition
for the almost-complex structure Φ1 on the twistor space Z+ (respectively Z−) defined in Remark 2,
Section 3.
Proposition 2 implies the following
Corollary 2 [10]. Let (M,g) be an anti-self-dual, Einstein 4-manifold with scalar curvature s. Then the
Ricci tensor of the metric ht on the twistor space π :Z+ → M is given by
ct (E,E) =
(
s
4
− 2t
(
s
12
)2)
|X|2g +
1
2
(
1 + 4
(
ts
12
)2)
|V |2h,
where E ∈ TZ+, X = π∗E and V = VE.
Proof. We have R = s12 Id+W−. Therefore R|Λ2+TM = s12 Id and, since the connection ∇ preserves
the bundles Λ2+TM , we have
g
(
(∇ZR)(V,X),Y
)= g((∇ZR)(V ),X ∧ Y )= 0
for any X,Y,Z ∈ TM and V ∈ V . Now the result easily follows from Proposition 2(ii). 
If k = 12 dimM is an odd number, then the map J → −J is an isometry between Z+ and Z−, therefore
the Einstein condition is fulfilled on one of the spaces Z± if and only if it is fulfilled on the other one. The
next statement shows that, if dimM  6, this is also true in the case when k is an even number (although
in this case there is no naturally defined map between Z+ and Z− in general).
Proposition 3. Let (M,g) be an oriented 2k-dimensional Riemannian manifold with scalar curvature s.
(i) If dimM = 4, the metric ht on the twistor space Z+ (respectively Z−) is Einstein if and only if
(M,g) is anti-self-dual (respectively self-dual) and Einstein, and ts = 3 or ts = 6 [14].
(ii) If dimM  6, the metric ht on the twistor space Z± is Einstein if and only if (M,g) has constant
curvature and ts = (k − 1)(2k − 1) or ts = k(2k − 1).
Proof. The proof can be carried out in the same lines as the proof of Theorem 1 but we should use only
orthonormal bases of tangent vectors of M determining the same orientation. 
Remark. The special values of the parameter t for which the metric ht of the twistor space of an even-
dimensional Riemannian manifold M is Einstein appear also in the context of the (almost) Hermitian
geometry on twistor spaces [15,16,25]. In particular, if M satisfies one of the conditions (i) or (ii) in
Proposition 3 and ts = k(2k − 1), then the partially complex structure Φ1 defined in Section 3 is, in fact,
a complex structure and the metric ht is Kähler–Einstein with respect Φ1.
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As we have seen, the metrics ht on the twistor space Fk are not Einstein if n = 2k. An interesting
generalization of the class of Einstein manifolds is the class of Riemannian manifolds whose Ricci tensor
c satisfies the condition
(35)(DEc)(E,E) = 0
for all tangent vectors E (see, e.g., [8] and the literature quoted there). The next statement shows that the
Ricci tensor of ht has this property in certain cases.
Proposition 4. Let (M,g) be a Riemannian manifold of constant curvature χ .
(i) The Ricci tensor ct of the twistor space (Fk, ht ) satisfies condition (35) provided one of the following
conditions holds: n = 2k, or n = 2k + 2, or tχ = 1, or χ = 0.
(ii) The Ricci tensor ct is parallel if an only if :
(1) χ = 0 provided n = 2k.
(2) tχ = 12 , or tχ = k−12k , or χ = 0 provided n = 2k.
Proof. Let f ∈Fk and A,B,C ∈ TfFk . Set X = π∗(A), Y = π∗(B), Z = π∗(C) and U = VA, V = VB ,
W = VC. Extend these tangent vectors to vector fields.
By Corollary 1, we have
2tct (A,B) = αht(Xhf ,Y hf )+ βht
(
(fX)hf , (f Y )
h
f
)+ γ ht(f ◦U ◦ f,V )+ δht(A,B),
where α = −(4k + 2)(tχ)2 + 2(n − 1)tχ − (n − k − 1), β = −2(n − 2k − 2)(tχ)2, γ = 2(tχ)2, δ =
2(tχ)2 + (n− k − 1). Denote by T1, T2, T3 the first three tensors on Fk in the sum on the right-hand side
of this formula for ct ; we have T1 = T2 if n = 2k.
Formulas (13) and (14) imply that
(36)(DAT1)(B,C)f = tχ
[
g
(J V (X),Z)+ g(JW(X),Y )].
Denote by Y the vector field ϕ → (ϕYπ(ϕ))hϕ on Fk . Take an othonormal frame E1, . . . ,En of TM near
the point p = π(f ) such that ∇Ei |p = 0, 1  i  n, and let us introduce local coordinates on Fk as in
Section 3. Then Y =∑ij (g(Y,Ei) ◦ π)yijEhj and (13), (14) imply
π∗(DAY)f = f∇XY +U(Y )− tχJU(f Y ).
Now it is easy to see by means of this formula and (3) that
(37)(DAT2)(B,C)f = g
(
U(Y ),fZ
)+ g(U(Z),f Y )− tχg(V (X),fZ)+ g(W(X),f Y ).
Next, let a be a section of A(TM) near p such that a(p) = V and ∇a|p = 0. Define a vertical vector
field a˜ on Fk near f by formula (10). Denote by a¯ the vertical vector field ϕ → ϕ ◦ a˜ϕ ◦ ϕ on Fk . Then
we have [Xh, a˜]f = ∇˜Xpa = 0 by Lemma 1. Similarly, [Xh, a¯]f = f ◦ ∇˜Xpa ◦ f = 0. Therefore, in view
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(DU a¯)f = f ◦ (DU a˜)f ◦ f
+ pr(Vf )
[
UVf + fVU + 1
2
(Uf 2Vf + fVf 2U)+ 1
2
(fUfVf + fVfUf )
]
,
where pr(Vf ) is the projection onto Vf with respect to the decomposition A(TpM) = Vf ⊕ Ker ad(f ).
Set
S(U,V ) = UVf + fVU + 1
2
(Uf 2Vf + fVf 2U)+ 1
2
fUfVf + fVfUf ).
Let us extend the metric ht on Vf to a bilinear form on the space End(TpM) by formula (6). Then the
G-orthogonal decomposition A(TpM) = Vf ⊕ Ker ad(f ) is ht -orthogonal as well. It follows that
(38)(DAT3)(B,C) = ht
(
S(U,V ),W
)+ ht(S(U,W),V ).
It is not hard to see that G(S(U,U),U) = 0 for every U ∈ Vf . Indeed, we have G(Uf 2Uf +
fUf 2U,U) = −G(f 2Uf +fUf 2,U 2) = 0 and 2G(fUfUf,U) = G(f 2Uf 2Uf,U)+G(fUf 2Uf 2,
U) = −G(Uf 2U,f 2Uf + fUf 2) = 0. Moreover, U 2f + fU 2 = −f 2U 2f − fU 2f 2 − (Uf 2Uf +
fUf 2U) − 2fUfUf by (2) and G(f 2U 2f + fU 2f 2,U) = −g(U 2, f 2Uf + fUf 2) = 0. Now state-
ment (i) is a direct consequence of (36)–(38).
Assume that the Ricci tensor ct is parallel.
Suppose that n  2k + 1 and take an orthonormal basis e1, . . . , en of TpM such that f e2i−1 = e2i ,
f e2i = −e2i−1, 1  i  k, f ej = 0, 2k + 1  j  n. If k  2, we can set X = 0, U = e1,2k+1; Y = 0,
V = e3,2k+1; Z = 0, W = e14 + e23. Then formulas (36)–(38) imply γ = 0, hence χ = 0. If k = 1, we
set X = 0, U = e13; Y = e3, V = 0; Z = e2, W = 0. This gives β = 0. Thus, if n = 4, k = 1, we obtain
χ = 0. If n = 4 and k = 1, taking X = e2, U = 0; Y = 0, V = e13; Z = e3, W = 0, we see that χ = 0
or α = 0. The identity α = 0 means that tχ is a solution of the equation 6x2 − 6x + 2 = 0, which is not
possible. Therefore χ = 0.
Conversely, if χ = 0, then β = γ = 0 and DT1 = 0 by (36), hence ct is parallel.
Now suppose that n = 2k. Then
2tct (A,B) = α¯ht (Xhf ,Y hf )+ δ¯ht (A,B),
where α¯ = −4k(tχ)2 + 2(2k − 1) − k + 1 and δ¯ = 4(tχ)2 + k − 1. Statement (ii) for n = 2k is an easy
consequence of the latter formula and (36). 
Similar arguments show the following
Proposition 5 [11]. Let M be an anti-self-dual, Einstein 4-manifold. Then the Ricci tensor ct of the
twistor space (Z+, ht ) of M satisfies condition (35). Moreover, ct is parallel if and only if st = 3, st = 6
or s = 0.
Now, in order to obtain non-homogeneous twistorial examples of manifolds having the property (35),
we shall briefly discuss the problem when the metric ht is homogeneous.
Let (M,g) be a Riemannian manifold and π :Fk → M its twistor space. Let ψ :N → N ′ be an isom-
etry between two open subsets of M . Then we have a natural smooth map Ψ :π−1(N) → π−1(N ′)
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Ψ∗(V ) = ψ∗p ◦ V ◦ψ−1∗ψ(p). Therefore Ψ is an isometry of the metric ht on the twistor space Fk .
This simple construction can be reversed in certain cases.
Lemma 9. Let (M,g) be an oriented Riemannian manifold with scalar curvature s and dimension
n = 2k. Suppose that (M,g) satisfies one of the following conditions:
(i) (M,g) is an anti-self-dual, Einstein 4-manifold.
(ii) (M,g) is of constant curvature.
Then any (local) isometry of the metric ht on the twistor space π :Z+ → M descends to a (local) isometry
of the metric g provided ts = (k − 1)(2k − 1) and ts = k(2k − 1).
Proof. Let Ψ :N → N ′ be an isometry between two open subsets of Z+. Put χ = sn(n−1) . Then, by
Corollaries 1 and 2, the Ricci tensor ct of ht is given by
(39)ct (E,E) =
(
χ(2k − 1)− (2k − 2)tχ2)‖X‖2g + 12(k − 1 + 4t2χ2)‖V ‖2h
for E ∈ TN and X = π∗E, V = VE.
Let f ∈ N , V ∈ Vf and π∗ ◦ Ψ∗(V ) = Y , VΨ∗(V ) = W . We have t‖V ‖2h = ‖Y‖2g + t‖W‖2h and
ct (V ,V ) = ct (Y h +W,Yh +W). Now it follows from (39) that(
2k(tχ)2 − (2k − 1)tχ + 1
2
(k − 1)
)
‖Y‖2g = 0.
The coefficient on the left-hand side does not vanish if tχ = 12 and tχ = k−12k . Therefore we have Y = 0
if t satisfies these inequalities. Thus, in this case, Ψ∗ maps a vertical vector to a vertical vector. Then the
isometry Ψ∗ obviously preserves horizontal spaces as well. It follows that Ψ can be projected to a local
isometry on M . 
Similar arguments give the following
Lemma 10. Let (M,g) be a Riemannian manifold with vanishing curvature. Then any (local) isometry
of the metric ht (t—arbitrary) on the twistor space Fk (k—arbitrary) of compatible partially complex
structures descends to a (local) isometry of g.
Remarks. 1. If M satisfies the hypothesis (i) of Lemma 9 and ts = 3 or ts = 6, then an isometry Ψ of
the twistor space of M may not descend to an isometry of M . For example, it is well known that the
twistor space Z− of the sphere S4 considered with its standard metric is the complex projective space
CP
3
. To describe the twistor projection π :CP3 → S4, it is convenient to identify S4 with the quaternionic
projective space HP1. Then π is given in homogeneous coordinates by [z1, z2, z3, z4] → [z1 + z2j, z3 +
z4j]. If ts = 6, the metric ht is a multiple of the Fubini–Study metric. The map Ψ :CP3 → CP3 defined
by Ψ ([z1, z2, z3, z4]) = [ 1√2(z1 +z2), 1√2(z1 −z2), z3, z4] is an isometry of the Fubini–Study metric which
does not preserve all fibres of the twistor projection π .
2. Suppose that M is a complete 4-manifold satisfying condition (i) of Lemma 9 and ts = 3 or ts = 6.
Then the scalar curvature s of M is positive and, by a result of Hitchin [17] and Friedrich and Kurke
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particular, the metric of M is homogeneous, hence all of the metrics ht on the twistor space Fk , k = 1,2,
are also homogeneous.
The latter remark and Lemma 9 give the following
Proposition 6 (“folklore”). Let (M,g) be a complete anti-self-dual (or self-dual), Einstein 4-manifold.
The metric ht (t—arbitrary) the twistor space Z+ (respectively Z−) is (locally) homogeneous if and only
if the metric g on the base manifold M is (locally) homogeneous.
Propositions 4 and 5, and Lemma 9 imply the following
Proposition 7. Let M be a non-homogeneous oriented 2k-dimensional Riemannian manifold with non-
zero scalar curvature s. Suppose that one of the following conditions is satisfied:
(i) M is an anti-self-dual, Einstein 4-manifold.
(ii) (M,g) is of constant curvature.
Then, for any t > 0 with ts = (k − 1)(2k − 1) and ts = k(2k − 1), the twistor space (Z+, ht ) is
non-homogeneous, has non-parallel Ricci tensor with the property (35) and is not locally isometric to
a Riemannian product.
In the case (i), if M is locally non-homogeneous, then so is its twistor space.
Remark. In the case (ii) of the above proposition, the base manifold M is locally homogeneous, hence so
is its twistor space. There are a lot of examples of (non-compact) locally non-homogeneous, (anti-)self-
dual, Einstein manifolds with non-zero scalar curvature; we quote here only a few works where such
examples (complete or not) can be found: [5,9,12,18,24].
Acknowledgements
The author is very grateful to D.V. Alekseevsky for his valuable remarks and suggestions. This paper
has been completed during the author’s visit at the Max-Planck Institute, Bonn. He would like to thank
the whole staff of the Institute for their hospitality.
References
[1] D.V. Alekseevsky, M.M. Graev, Twistors and G-structures, Izv. Ross. Akad. Nauk Ser. Mat. 56 (1) (1992) 3–37 (in
Russian).
[2] D.V. Alekseevsky, M.M. Graev, Twistors of a Riemannian manifold and CR-structures, Izv. Vyssh. Uchebn. Zaved. 5
(1992) 3–19 (in Russian).
[3] D.V. Alekseevsky, M.M. Graev, Twistors and Cartan connections, Ann. Glob. Anal. Geom. 18 (2000) 309–330.
[4] D.V. Alekseevsky, A.M. Perelomov, Invariant Kähler–Einstein metrics on compact homogeneous spaces, Funkc. Anal. i
Ego Prilozh. 20 (3) (1986) 1–16 (in Russian).
J. Davidov / Differential Geometry and its Applications 22 (2005) 159–179 179[5] V. Apostolov, P. Gauduchon, Self-dual Einstein Hermitian four-manifolds, Ann. Scuola Norm. Sup. Pisa Ser. V 1 (2002)
203–243.
[6] M.F. Atiyah, N.J. Hitchin, I.M. Singer, Self-duality in four-dimensional Riemannian geometry, Proc. Roy. Soc. London
Ser. A 362 (1978) 425–461.
[7] L. Bérard-Bergery, T. Ochiai, On some generalization of the construction of twistor spaces, in: T.J. Willmore, N.J. Hitchin
(Eds.), Global Riemannian Geometry, L.M.S. Symposium, Durham, July 1983, Ellis Horwood, 1984, pp. 52–59.
[8] A. Besse, Einstein Manifolds, Ergeb. Math. Grensgeb. (3), vol. 10, Springer, New York, 1987.
[9] D.M.J. Calderbank, H. Pedersen, Selfdual Einstein metrics with torus symmetry, J. Differential Geom. 60 (2002) 485–521.
[10] J. Davidov, O. Mushkarov, On the Riemannian curvature of a twistor space, Acta Math. Hungarica 58 (1991) 319–332.
[11] J. Davidov, O. Mushkarov, G. Grantcharov, Almost complex tructures on twistor spaces, in: K. Sekigawa, S. Dimiev (Eds.),
Almost Complex Structures, Proceedings of the International Workshop, Sofia, August 20–25, 1992, World Scientific,
Singapore, 1994, pp. 113–149.
[12] A. Derdzin´ski, Exemples de métriques de Kähler et d’Einstein autoduales sur le plan complexe, in: L. Bérard-Bergery,
M. Berger, C. Houzel (Eds.), Géometrie riemannienne en dimension 4, Séminaire Arthur Besse, CEDIC/Fernand Nathan,
Paris, 1981, pp. 334–346.
[13] J. Eells, S. Salamon, Twistorial constructions of harmonic maps of surfaces into four-manifolds, Ann. Scuola Norm. Sup.
Pisa Ser. IV 12 (1985) 89–640.
[14] Th. Friedrich, R. Grunewald, On Einstein metrics on the twistor spaces of a four-dimensional Riemannian manifold, Math.
Nachr. 123 (1985) 55–60.
[15] Th. Friedrich, H. Kurke, Compact four-dimensional self-dual Einstein manifolds with positive scalar curvature, Math.
Nachr. 106 (1982) 271–299.
[16] P. Gauduchon, Structures de Weyl et théorèms d’annualation sur une variété conforme autoduale, Ann. Scuola Norm. Sup.
Pisa Ser. IV 18 (1991) 563–629.
[17] N.J. Hitchin, Kählerian twistor spaces, Proc. London Math. Soc. III Ser. 43 (1981) 133–150.
[18] N.J. Hitchin, Twistor spaces, Einstein metrics and isomonodromic deformations, J. Differential Geom. 42 (1995) 30–112.
[19] W. Jelonek, Self-duality in A-manifolds, J. London Math. Soc. 58 (1998) 697–708.
[20] C.R. Jensen, M. Rigoli, Twistor and Gauss lifts of surfaces in four-manifolds, in: Recent Developments in Geometry, in:
Contemp. Math., vol. 101, Amer. Math. Soc., Providence, RI, 1989, pp. 197–232.
[21] C.R. LeBrun, Twistor CR manifolds and three-dimensional conformal geometry, Trans. Amer. Math. Soc. 284 (1984)
601–616.
[22] C.R. LeBrun, Foliated CR manifolds, J. Differential Geom. 22 (1985) 81–96.
[23] C. LeBrun, Quaternionic Kähler manifolds and conformal geometry, Math. Ann. 284 (1989) 353–376.
[24] C. LeBrun, On complete quaternionic-Kähler manifolds, Duke Math. J. 63 (1991) 723–743.
[25] O. Muškarov, Structures presque hermitiennes sur des espaces twistoriels et leur types, C. R. Acad. Sci. Paris Ser. I 305
(1989) 307–309.
[26] N. O’Brian, J. Rawnsley, Twistor spaces, Ann. Glob. Anal. Geom. 3 (1985) 29–58.
[27] B. O’Neill, The fundamental equations of a submersion, Michigan Math. J. 13 (1966) 459–469.
[28] H. Pedersen, P. Tod, The Ledger curvature conditions and D’Atri geometry, Differential Geom. Appl. 11 (1999) 155–162.
[29] R. Penrose, Twistor theory, its aims and achievements, in: C.J. Isham, R. Penrose, D.W. Sciama (Eds.), Quantum Gravity,
Oxford Symposium, Clarendon Press, Oxford, 1975, pp. 268–407.
[30] R. Penrose, R.S. Ward, Twistors for flat and curved space-time, in: A. Held (Ed.), General Relativity and Gravitation,
vol. 2, Plenum Press, New York, 1980, pp. 283–328.
[31] R. Penrose, Physical space-time and nonrealizable CR-structures, Bull. Amer. Math. Soc. 8 (1983) 427–448.
[32] J.H. Rawnsley, f -structures, f -twistor spaces and harmonic maps, in: Geometry Seminar “Luigi Bianchi” II, 1984, in:
Lecture Notes in Math., vol. 1164, Springer, Berlin, 1985, pp. 84–159.
[33] S. Salamon, Quaternionic Kähler manifolds, Invent. Math. 67 (1982) 143–171.
[34] S. Salamon, Harmonic and holomorphic maps, in: Geometry Seminar “Luigi Bianchi” II, 1984, in: Lecture Notes in Math.,
vol. 1164, Springer, Berlin, 1985, pp. 161–224.
[35] I.A. Skornyakov, Generalized Atiyah–Ward bundles, Uspehi Mat. Nauk 37 (3) (1982) 195–196 (in Russian).
[36] J. Vilms, Totally geodesic maps, J. Differential Geom. 4 (1970) 73–79.
[37] A. Vitter, Self-dual Einstein metrics, in: Nonlinear Problems in Geometry, in: Contemp. Math., vol. 51, 1986, pp. 113–120.
